The deformation of a dielectric induced by voltage is limited by electrical breakdown if the dielectric is stiff, and by electromechanical instability if the dielectric is compliant. The interplay of the two modes of instability is analyzed for a dielectric elastomer, which is compliant at a small stretch, but stiffens steeply. The theory is illustrated with recent experiments of interpenetrating networks, and with a model of swollen elastomers. The theory predicts that, for an elastomer with a stress-stretch curve of a desirable form, the voltage can induce giant deformation. While all dielectrics deform under voltage, the attainable deformation of actuation varies markedly. Piezoelectric ceramics attain strains of actuation typically less than 1% [5] . Glassy and semicrystalline polymers can attain less than 10% [6] . The initial reported values for elastomers were a few percent [7] . By using soft electrodes, strains of actuation about 30% were observed in some elastomers [8] . In the past decade, strains over 100% have been achieved in several ways, by prestretching an elastomer [9] , by using an elastomer of interpenetrating networks [10] , by swelling an elastomer with a solvent [11] , and by spraying charge on an electrode-free elastomer [12] .
Subject to a voltage, a membrane of a dielectric elastomer reduces thickness and expands area. This phenomenon is being studied intensely in the emerging technology of elastomeric transducers. Applications include artificial muscles, tunable optics, generators for harvesting energy, and tactile sensors for Braille displays [1] [2] [3] [4] . The elastomeric transducers have remarkable attributes such as high specific energy, fast response, and negligible noise. This Letter focuses on the most conspicuous attribute: large deformation of actuation induced by voltage.
While all dielectrics deform under voltage, the attainable deformation of actuation varies markedly. Piezoelectric ceramics attain strains of actuation typically less than 1% [5] . Glassy and semicrystalline polymers can attain less than 10% [6] . The initial reported values for elastomers were a few percent [7] . By using soft electrodes, strains of actuation about 30% were observed in some elastomers [8] . In the past decade, strains over 100% have been achieved in several ways, by prestretching an elastomer [9] , by using an elastomer of interpenetrating networks [10] , by swelling an elastomer with a solvent [11] , and by spraying charge on an electrode-free elastomer [12] .
These experimental advances have prompted a theoretical question: What is the fundamental limit of deformation of actuation? A theory may interpret the diverse and intriguing experimental observations mentioned above, and guide the search for dielectrics of even larger deformation of actuation. This Letter presents a theory to show that dielectric elastomers are capable of giant deformation of actuation, beyond 100%.
For a stiff dielectric such as a ceramic or a glassy polymer, deformation of actuation is limited by electrical breakdown, when the voltage mobilizes charged species in the dielectric to produce a path of electrical conduction [13] . For a compliant dielectric such as an elastomer, the deformation of actuation is often limited by electromechanical instability, when the voltage causes the dielectric to thin down excessively [14, 15] . After electromechanical instability, the electric field increases as the membrane thins until the dielectric fails by electrical breakdown. In addition to these two types of behavior, which we call type I and type II, the theory will suggest a type III behavior: the dielectric eliminates or survives electromechanical instability, reaches a stable state without electrical breakdown, and attains large deformation of actuation. Figure 1 (a) sketches a dielectric membrane pulled by biaxial stresses . The length of the membrane in any direction in the plane is stretched by a ratio . As will become clear, a type III dielectric should have a stressstretch curve ðÞ of the following desirable features: (a) The dielectric is compliant at small stretches, and (b) the dielectric stiffens steeply at modest stretches. That is, the limiting stretch lim should not be excessive. Also sketched are several designs of materials that exhibit the stress-stretch curve of the desirable form. Many bio- PRL 104, 178302 (2010) P H Y S I C A L R E V I E W L E T T E R S week ending 30 APRIL 2010 logical tissues, such as skins and vascular walls, deform readily, but avert excessive deformation [16] . Figure 1(b) sketches a design of such a tissue, consisting of stiffer fibers in a compliant matrix. At small stretches, the fibers are loose, and the tissue is compliant. At large stretches, the fibers are taut, and the tissue stiffens steeply. As another example, Fig. 1 (c) sketches a network of polymers with folded domains [17] . The domains unfold when the network is pulled, giving rise to substantial deformation. After all the domains unfold, the network stiffens steeply.
Consider a synthetic elastomer, i.e., a network of polymer chains. When the individual chains are short, the initial modulus of the elastomer is large and the limiting stretch lim is small. When the individual chains are long, the initial modulus of the elastomer is small and the limiting stretch lim is large. Consequently, it is difficult to achieve the stress-stretch curve of the desirable form by adjusting the density of cross-links alone. The stress-stretch curve, however, can be shaped into the desirable form in several ways. For example, the widely used dielectric elastomer, VHB (a tape from 3M Company), is a network of polymers with side chains [ Fig. 1(d) ] [18] . The side chains fill the space around the networked chains. The motion of the networked chains is lubricated, lowering the glass transition temperature. Also the density of the networked chains is reduced, lowering the stiffness of the elastomer when the stretch is small. While the side chains do not change the contour length of the networked chains, the side chains pull the networked chains towards their full contour length even when the elastomer is not loaded. Once loaded, the elastomer may stiffen sharply, averting electromechanical instability. Similar behavior is expected for a network swollen with a solvent [ Fig. 1 (e)] [19] . The stress-stretch curve can also be shaped into the desirable form by prestretch [9] , or by using interpenetrating networks [10, 20] . Figure 2 (a) illustrates the working principle of dielectric elastomer transducers. When a membrane of an elastomer, thickness H in the undeformed state, is subject to a voltage È, the membrane is stretched by in both directions in the plane, the thickness of the membrane reduces to H À2 , and the electric field in the membrane is E ¼ 2 È=H. The membrane is taken to be incompressible. The actuation can be described by the Maxwell stress, ¼ "E 2 , where " is the permittivity of the elastomer [8] . The use of the Maxwell stress assumes that the dielectric behavior of the elastomer is liquidlike, unaffected by deformation. This material model, known as the ideal dielectric elastomer [21, 22] , has been confirmed experimentally [23] , and used almost exclusively in the literature on dielectric elastomers (e.g., Refs. [1] [2] [3] [4] [8] [9] [10] [11] [12] [13] [14] [15] ). A recent experiment, however, showed that the permittivity of a dielectric elastomer varied about a factor of 2 when the area of the membrane was stretched by a factor of 25 [24] . This variation has been included in a theoretical analysis [22] . The resulting equations are more complicated, but do not change the physical picture here. In this Letter, to focus on essential ideas, we will adopt the model of ideal dielectric elastomer.
A combination of the above considerations relates the voltage to the stretch:
This relation is sketched in Fig. 2(a) . Even though the stress-stretch curve ðÞ is monotonic, the voltage-stretch curve ÈðÞ is usually not [21] . At a small stretch ( $ 1), the rising ðÞ dominates, and the voltage increases with the stretch. At an intermediate stretch, the factor À2 due to thinning of the membrane becomes important, and the voltage falls as the stretch increases. As the elastomer approaches the limiting stretch lim , the steep rise of ðÞ prevails, and the voltage rises again. The shape of the voltage-stretch curve ÈðÞ indicates a snap-through electromechanical instability [21] . The instability can cause some regions of the elastomer to thin down more than others [25, 26] .
Before a voltage is applied, an elastomer may be prestretched to by a mechanical force, and then fixed by rigid electrodes. Subsequently, when the voltage is applied, the elastomer will not deform further. The measured voltage at failure is taken to be the electrical breakdown voltage. Experiments indicate that the breakdown voltage is a monotonically decreasing function of the prestretch È B ðÞ [23, 27] . This trend may be interpreted as follows. In terms of the electrical breakdown field E B , the breakdown voltage is È B ¼ E B H À2 . For an ideal dielectric elastomer, the dielectric behavior is liquidlike, and E B is independent of deformation, so that the breakdown voltage scales with the stretch as È B / À2 . The experimental data show that È B for dielectric elastomers decreases less steeply than À2 , indicating that E B increases with . This dependence of the breakdown field on the prestretch is not understood, but will not affect the physical content of our theory. For simplicity, we will assume that E B is independent of deformation in numerical calculations.
According to where the curves ÈðÞ and È B ðÞ intersect, we distinguish three types of dielectrics. A type I 
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178302-2 dielectric suffers electrical breakdown prior to electromechanical instability, and is capable of small deformation of actuation; Fig. 2(b) . A type II dielectric reaches the peak of the ÈðÞ curve, and thins down excessively, leading to electrical breakdown; Fig. 2(c) . The dielectric is recorded to fail at the peak of ÈðÞ, which can be much below the breakdown voltage È B . The deformation of actuation is limited by the stretch at which the voltage reaches the peak. A type III dielectric eliminates or survives electromechanical instability, reaches a stable state before the electrical breakdown, and attains a large deformation of actuation; Fig. 2(d) . For a dielectric that survives the snap-through electromechanical instability, there will be a gap in the achievable stretches of actuation: the voltage can control stretches of small and large values, but not the intermediate ones.
This theory accounts for the diverse experimental observations mentioned at the beginning of the Letter. As an illustration, Fig. 3(a) plots the stress-stretch curves for VHB and for VHB-Trimethylolpropane trimethacrylate (TMPPMA) interpenetration networks, using available experimental data [28] . Substituting these stress-stretch curves into Eq. (1), we plot the voltage-stretch curves ÈðÞ; Fig. 3(b) . Also included in Fig. 3(b) is the curve È B ðÞ, plotted using the representative experimental values H % 1 mm, E B % 4 Â 10 8 V=m, and " % 4 Â 10 À11 F=m [1] . The VHB is compliant and stiffens slowly, but the VHB-TMPPMA stiffens steeply. The voltagestretch curve indicates that the VHB is a type II dielectric, and attains a stretch of actuation about % 1:26. By contrast, the voltage-stretch curve indicates that the VHB-TMPPMA is a type III dielectric, and attains a stretch of actuation about % 2. These theoretical results agree with experimental observations [28] .
To illustrate the potential of the theory, consider a network of polymers swollen with a solvent [ Fig. 1(e) ]. The existing experimental papers on swollen dielectric elastomers did not report stress-stretch curves in the stiffening region [11, 19] . Instead, here we adopt a well-known model that represents the network in which every chain deforms by the same amount [29] , and represents each individual chain by freely jointed links [30] .
Let 1 , 2 , and 3 be the stretches of the elastomer relative to the unstressed swollen elastomer. We assume that the volumes of the networked polymers and the solvent molecules do not vary during actuation, so that the swollen elastomer is incompressible, 1 2 3 ¼ 1. Let 3 be the volume of the swollen elastomer divided by the volume of the dry network, so that the stretches of the elastomer relative to the dry network are 1 , 2 , and 3 . Let Ã be the stretch of each chain [29] . In the presence of the solvent,
For a chain of n links, the stretch Ã relates to the normalized force as [30] 
The free energy per unit volume of the swollen elastomer is
where kT is the temperature in the unit of energy, and v the volume per link. As mentioned above, we have assumed that the amount of the solvent in the elastomer does not change during actuation. The free energy of mixing the network and the solvent depends on the amount of the solvent, but is invariant when the elastomer changes shape. Consequently, the free energy of mixing is not included in (4). To focus on main ideas, we have not included delicate effects of coupling between swelling and chain stretching.
Equations (2)- (4) 
The solvent modifies the stress-stretch curve of the elastomer into the desirable form by reducing both the limiting stretch lim and the initial modulus . In one limit, as ! lim , the chain approaches the full contour length, so that Ã ! ffiffiffi n p . Under the biaxial stress, the limiting stretch is determined by
ffiffiffiffiffiffiffiffiffiffi ffi 3n=2 p . In the other limit, the chain coils much below the full contour length, so thatÃ ( ffiffiffi n p . The model becomes W ¼ ðkT=6 3 vÞ 2 and Ã ¼ ð ffiffiffi n p =3Þ, which recovers the neo-Hookean model, with the initial modulus ¼ kT=ðvnÞ.
The curve ÈðÞ can be obtained by combining (1) and (5) . Figure 4 Here type III behavior occurs, where the elastomer eliminates or survives the electromechanical instability. The stretch of actuation reaches % 2 for n ¼ 65, and reaches % 5:5 when n ¼ 500. Moreover, for the elastomer that survives the instability (e.g., n ¼ 500), there is a gap in the achievable stretches of actuation.
The model of swollen elastomers is characterized by two dimensionless numbers: ffiffiffi n p = scales with the limiting stretch, and kT=ðvn"E 2 B Þ is the ratio of the initial modulus over the Maxwell stress at electrical breakdown. Figure 4 (c) uses the two numbers as the axes for a plane, in which the regimes of the three types of dielectrics are marked. Type I dielectrics have large initial moduli. Type II dielectrics have small initial moduli and excessive limiting stretches. Type III dielectrics have small initial moduli and modest limiting stretches.
We have shown that giant deformation of actuation is achievable for an elastomer with a stress-stretch curve of a desirable form: the elastomer is compliant at small stretches and then stiffens steeply at modest stretches. Such an elastomer either eliminates or survives the snapthrough electromechanical instability, and reaches a stable state before electrical breakdown. It is hoped that this theory will help in the experimental search for dielectric elastomers capable of giant deformation of actuation.
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